Identifying entanglement using quantum "ghost" interference and imaging 
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We report a quantum interference and imaging experiment which quantitatively demonstrates 
that Einstein-Podolsky-Rosen (EPR) type entangled two-photon states exhibit both momentum- 
momentum and position-position correlations, stronger than any classical correlation. The mea- 
surements show indeed that the uncertainties in the sum of momenta and in the difference of 
positions of the entangled two-photon satisfy both EPR inequalities A(fci + /C2) < min(Ak 1 ,Ak2) 
and A(a;i — X2) < mm(Aii,Ai2). These two inequalities, together, represent a non-classicality 
condition. Our measurements provide a direct way to distinguish between quantum entanglement 
and classical correlation in continuous variables for two-photons/two photons systems. 
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The concept of multi-particle quantum entanglement, 
one of the most surprising consequences of quantum me- 
chanics, was introduced in the very early days of quantum 
theory [lj,|2]. Since the development of spontaneous para- 
metric down-conversion (SPDC) as an efficient source of 
two-photon entangled states in late 1980's 3], many ex- 
periments have been realized to exhibit and, afterwards, 
to exploit the very surprising quantum effects of entan- 
gled states for secure communication, information pro- 
cessing, and metrology applications |^|. 

Some of the most intriguing effects of two-photon en- 
tanglement in SPDC are quantum 'ghost' interference 
and imaging |3, These effects are of great impor- 
tance in potential applications like quantum metrology 
and lithography 0, H, @ ■ Recently, it has been claimed 
that the two-photon 'ghost' image can be achieved us- 
ing a pair of classically k- vector correlated optical pulses 
[lCj . Ref. 01 j therefore, raises interesting questions 
about fundamental issues of quantum theory, namely: 
(i) to what extent can quantum entanglement in con- 
tinuous variables be simulated with classically correlated 
systems? and (ii) can we experimentally make a distinc- 
tion between them? 

In this Letter, we report an experiment which sheds 
light on these two tightly related questions. Our idea is 
to exploit quantum interference-imaging effects to verify 
experimentally the EPR- type inequalities, which allow 
distinguishing quantum entanglement from classical cor- 
relation in continuous variables, for two-photon systems. 
By analyzing the results of a two-photon interference 
and imaging experiment, we show quantitatively that 
entangled two-photon pairs exhibit both momentum- 



momentum and position-position EPR-type correlations, 
which are stronger than any classical correlation. In con- 
trast, pairs of particles having a perfect classical cor- 
relation in momentum (or position), cannot exhibit any 
correlation in position (or momentum), due to the uncer- 
tainty principle. Our experiment, therefore, shows that 
entanglement in momentum and position variables for 
two-photon systems can be verified experimentally and 
suggests that the degree of entanglement can be quan- 
tified through the EPR-type non-classicality conditions. 
This result is of particular interest, since it represent 
a "Bell's inequality" for continuous variables, for two- 
photon systems. 

Consider a pair of EPR-correlated particles. As 
pointed out by EPR, the most peculiar characteristic of 
EPR-entanglement is its independency on the selected 
basis: entanglement in momentum automatically implies 
entanglement in position. In EPR notation 0] , the quan- 
tum state of entangled two-particle pairs can indeed be 
written as 



u p {xi)i> p (x 2 )dp = / v x (x\)(j> x (x 2 )dx, 



where x\ (x 2 ) is the variable used to describe particle 
1 (particle 2), u p (xi) (^(^2)) is the momentum eigen- 
function for particle 1 (particle 2), and v x {x\) (4>x(x 2 )) 
is the corresponding position eigenfunction obtained by 
Fourier transform of u p (xi) (il) p (x 2 )). 

As suggested by EPR, an important consequence of 
entanglement appears explicitly by considering the case 
in which u p {x\) {ip p (x 2 )) is a plane wave. In this case 
the EPR entangled state assumes an interesting form: 
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8(pi + P 2)e lpiXl/h e lp ^ h d Pl dp 2 = (1) 
= hd(xi — x 2 ). 



A perfectly EPR-correlated particle pair should therefore 
be characterized by both the values A(pi + p 2 ) — and 
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FIG. 1: Schematic of the experimental setup for observing 
the two-photon 'ghost' interference and 'ghost' image. For 
simplicity, the prism to remove the pump and the polarizing 
Thompson prism are not shown. The double-slit has width 
a — 0.165 mm and slit distance d = 0.4 mm. The imaging 
lens has focal length / — 510 mm. Relevant distances in this 
experiment are a± — 32.5 cm, = 46.5 cm, and b = 142 cm. 

A(xi — x 2 ) = 0. However, even when these uncertainties 
are different from zero (non-perfect entanglement), they 
still satisfy the inequalities: 

A(pi + p 2 ) < min(A Pl ,Ap 2 ), (2) 
A(x% — x 2 ) < min{Ax\ 1 Ax 2 ). 

The whole entangled system is indeed described in such 
a way that both the sum of the momenta and differ- 
ence in the positions are known with a high degree of 
accuracy even if the momentum and position of each 
particle are completely undefined [2|. This result comes 
directly from the coherent superposition of two-particle 
amplitudes, which cannot be achieved by any classically 
correlated pairs of particles, as discussed in more details 
later. 

We propose Eq. as a non-classicality condition 
for continuous variables, for two-photon/two-particle sys- 
tems. We report an experimental verification of Eq. 
which exploits quantum 'ghost' interference and im- 
age effects of entangled two-photon pairs. We measure 
A(ki + k. 2 ) from a quantum interference experiment and 
A(ri — r 2 ) from a quantum imaging experiment, both 
realized using the same SPDC source. To the best of our 
knowledge a direct quantitative verification of Eq. (J2J for 
two-photon system, i.e. for real momentum and position 
variables, has not been reported in literature ,11]. 

Let us first examine whether SPDC two-photon pairs 
would really exhibit EPR-type entanglement. Under the 
assumption that the pump beam is a plane wave and the 
transverse dimensions of the pump beam and the down- 
conversion crystal are much bigger than the wavelengths 
of the photons, the quantum state of the SPDC two- 
photon pairs can be written as 0, 0] : 

I*) = s ("s + - w p) 5 ( k * + k * - k p) «I 4 |0>, ( 3 ) 

s,i 

where Wj and (with j = s,i,p) are the frequency and 
wavevector of the signal (s), idler (i), and pump (p), re- 



spectively, and a \ (a]) is the creation operator for the 
signal (idler) photon. Since in this Letter we are only 
interested in the transverse correlation of the entangled 
two- photon pairs the quantum state used in our 

experiment is indeed very close to the one of the orig- 
inal EPR-type entangled pairs of particles. Verification 
of non-classicality using Eq. J3J should then be possible 
through adequate experiments realized with this source. 

A schematic of the experimental setup can be seen in 
Fig. n The 351.1 nm line of an argon ion laser is used 
to pump a BBO crystal cut for type-II collinear degen- 
erate parametric down conversion. Pairs of orthogonally 
polarized signal and idler photons at central wavelength 
Xi = X s = 702.2 nm, which are entangled in momen- 
tum, emerge from the crystal almost collinearly with the 
pump laser. After the crystal, the pump laser beam is 
separated from the SPDC beam by a quartz dispersion 
prism. A polarization beam splitting Thompson prism 
separates the co-propagating signal and idler into two 
separate spatial modes. The signal photon propagates 
through a double-slit toward a detector package (Z?i) 
consisting of a collection lens (500 mm focal length) and 
a single photon detector placed in its focus. The idler 
photon propagates freely before being collected by the 
imaging lens (/ = 510 mm). A 50-50 beam splitter (BS) 
is inserted after the lens. The reflected and transmitted 
photons are then detected by single photon detectors D 2 
and Z?3, respectively. Each of them is mounted on an en- 
coder driver to scan its own transverse plane. A spectral 
filter centered at 702.2 nm with 3 nm bandwidth pre- 
cedes each detector. The output pulses of the detectors 
are sent to a coincidence circuit (CC). Coincidences are 
measured between D\ and D 2 and between D\ and D3. 

This setup therefore allows to measure both 'ghost' 
interference-diffraction and 'ghost' image patterns of the 
double-slit 0.0 Indeed, the coherent superposition of 
biphoton amplitudes allows exploiting the momentum- 
momentum correlation to obtain an image (position- 
position correlation) by sim ply changing the observation 
plane (D 3 , instead of D 2 ) [H Q EB 

The results are 

shown in Fig. The single counts on both D 2 and D 3 , 
which are scanned in the transverse direction, show no 
features at all. The single counting rate of D\, when the 
detector scans the focal plane of the collection lens, did 
not show any interference fringes as well: only a wide 
bell-shaped pattern was observed. This result is due to 
the fact that biphotons are generated with all possible 
momenta k^ and k s such that k s +ki = k p is satisfied. In 
our experiment, the divergence of the SPDC beam A(0), 
which takes into account the filters bandwidth, the dis- 
persion in the crystal, and the phase matching condition, 
is such that: A (6) rs 2.6 mrad 3> X/d, where d — 0.4 mm 
is the distance between the slits and A = 702.2 nm is the 
central wavelength of the SPDC photons. Under this 
condition, the first order interference-diffraction pattern 
on D\ is simply washed out. 
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FIG. 2: Experimental data. (a) 'Ghost' interference- 
diffraction pattern, (b) 'Ghost' image pattern. A(ki + IC2) 
and A(ri — Y2) are evaluated from each of the fitting curves 
(solid lines). The squares are single counts, the dots are co- 
incidence counts. 



It is, however, possible to observe a 'ghost' 
interference-diffraction pattern when counting coinci- 
dences between D\ and D2 (D\ is fixed and D2 is scanned 
in the focal plane of the imaging lens) and to observe a 
'ghost' image pattern in coincidences between D\ and 
D3 (Di is, again, fixed and D3 is scanned in the image 
plane) . 

For 'ghost' interference-diffraction measurement, the 
detector package D\ plays the role of a point-like detec- 
tor. As shown in Ref. [3], we expect the coincidence 
counting rate to be: 

R c (x 2 ) oc sinc 2 [x 2 na/ (\f)}cos 2 [x 2 nd/ (Xf)}, (4) 

where xi is the transverse position of detector D 2 in the 
focal plane of L 2 - Figure EJa) shows the 'ghost' interfer- 
ence measurement. The continuous line in Fig. |2Ia) is a 
fitting of the experimental data, which takes into account 
both the finite size of the detectors, the divergence of the 
pump and the less-than-perfect correlation between sig- 
nal and idler. It is well known that the visibility of the 
interference pattern (oc 1 + V r cos[2a;27rc?/(A/2)]) is related 
to the degree of transverse coherence of the source. We 
exploit this effect to evaluate the less-than-perfect trans- 
verse correlation between signal and idler photons: 

A(k Xs + k Xi ) = 2.5 ± 0.6 mm" 1 . 

From the divergence of the SPDC beam A(0) mentioned 
above we evaluate Ak Xj « 23 mm -1 , for j — i, s. So the 
ghost interference/diffraction experiment demonstrates 
that: 

A(k Xg + k Xi ) <C min(Ak Xz , Ak Xs ), 



for our SPDC source. 

In a similar way, we obtain A(r s — r,) by study- 
ing the 'ghost' image obtained by measuring coinci- 
dences between D\ and D 3 , see Fig. |2fb) . To observe 
a 'ghost' image, the two-photon Gaussian thin lens equa- 
tion, 1/sj + l/.s Q = 1/f, where Si — b and s = a\ + 02, 
should be satisfied . In the ideal situation the detector 
package D\ is a perfect a bucket detector, which detects 
any signal photon that have not been stopped by the 
double slit. The role of the double slit is then to measure 
the localization of the signal with an uncertainty A(x s ), 
equal to the slit width a. In the ideal case, counting 
coincidences between D\ and -D3, we would obtain two 
rectangles of width a' = ma, and center-to-center dis- 
tance dl — md, where m — Si/s is the magnification. 
In our case m — 1.8, a — 0.165 mm, d — 0.4 mm and 
the corresponding ideal result (a' = 0.297 mm, d! = 0.72 
mm) is plotted as dashed line in Fig. |2Ib) . To take into 
account a more realistic situation we fit the data with 
the convolution of the double slit with a Gaussian func- 
tion that takes into account the finite size of D 2 . The 
comparison of the resulting fitting curve with the theo- 
retical result, dashed line in Fig. Efb), allows to evaluate 
A(a; s — Xi), as the difference between the FWHM of the 
two curves: 

A(x s - Xi) = 0.11 ± 0.02 mm < Ax s . 

Note that the center-to-center distance between the bell- 
shaped fitting curve and the two rectangles is exactly the 
same. The imperfect correlation in position is evidently 
smaller than the distance between the two slits. 

The non-classicality conditions introduced in Eq. @ 
are then satisfied for the momentum and position vari- 
ables of entangled two-photon of SPDC. As we mentioned 
earlier, this result is a direct consequence, if not the def- 
inition, of quantum correlation: particles that are entan- 
gled in momentum are automatically entangled in posi- 
tion. Only entangled particles can satisfy such inequali- 
ties. 

An interesting way of understanding this result is the 
following. The Fourier transform of an entangled state 
such as the one given in Eq. Q and can be factorized 
by introducing the variables ki + k2 and ki — k2 . The 
corresponding Fourier transformed variables are ri + r2 
and ri — r 2 , respectively. Since ki + k 2 and ri — r 2 are 
not conjugate variables, Eq.s J2Jl can definitely be true 
simultaneously. For this same reason, also the product 
of the two uncertainties can be smaller than one. Indeed 
we obtain from the uncertainties evaluated above: 



A(k Xs +k Xz )A(x s 



0.3 ±0.1 < 1, 



(5) 



Note however that this last inequality is a necessary but 
not sufficient condition for entanglement [lfij ]. 

Let us now consider the case of two particles or beams 
classically correlated in momentum. An example of such 
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a source is given by a pair of bounded identical guns 
which emit (quantum) particles while rotating simultane- 
ously, in such a way that the momenta of the two particles 
are always equal in modulus but with opposite direction. 
Each pair of independent but correlated particles, fired at 
a certain angle at a given time, may be described by: 

|*i> ia = 4(k J -) 4(-k;)IO). 

If each pair of particles has (non-negative) probability 
P(kj) of being emitted by the source, the resulting in- 
coherent statistical mixture is described by the following 
density matrix: 

Pl2 = £P(k,-) |%> 1212 <*,| = £P(k,V x ®A (6) 

where p[ = |kj) 11 (kj| and fP 2 = | — kj) 22 (— k,- are the 
density matrices for particles 1 and 2, respectively, be- 
longing to the j th pair. It is well known that for each 
particle to propagate with such a perfectly well defined 
momentum, the sources have to be infinite in the trans- 
verse direction 0,0]. Therefore, pairs of particles with 
a perfect momentum-momentum correlation do not ex- 
hibit any position-position correlation. In the more real- 
istic case of finite transverse dimension of the source, the 
position-position correlation improves at the expenses of 
the momentum-momentum correlation: each particle is 
always diffracted independently. In general, any attempt 
to improve the classical correlation in one variable in- 
evitably worsens the correlation in the other. Thus the 
classical statistical inequalities: 

A(fci + fc 2 ) = ^/(Afci) 2 + (Afc 2 ) 2 > max(Ah, Ak 2 ), (7) 

A(xi - x 2 ) = \/{A Xl ) 2 + (Ax 2 ) 2 > max(Axi, Ax 2 ), 

can never be violated by pairs of classically correlated 
particles/beams. 

In conclusion, any source of classically correlated pairs 
of particles: i) can never achieve perfect correlation in 
both momentum and position variables; ii) can never sat- 
isfy inequalities Eq. @. 

In summary, we have experimentally demonstrated 
that SPDC photon pairs satisfy the EPR-type non- 
classicality condition Eq. J5J. In doing so, we have 
shown that entangled particles exhibit almost perfect 
both momentum-momentum and position-position cor- 
relations. Classically correlated pairs of particles can- 
not exhibit such behavior. The measurement described 
in this Letter thus provides a direct way to distinguish 
between quantum entanglement and classical correlation 
in momentum and/or position variables, for two-photon 
systems. An important practical consequence is that only 
the non-local correlation implicit in entangled systems 
allows to 'overcome' the usual diffraction limit and to 
obtain super-resolved i mag es, as proposed and demon- 
strated in Ref. 0, 0, K^ . Furthermore, our experi- 
ment shows that a distinction between classically cor- 
related and quantum entangled systems, in momentum 



and/or position variables, can be realized experimentally 
through the study of "ghost" imaging-type experiments 
[lflj . This is a quite different approach with respect to 
Bell's inequality and may represent an extension of Bell's 
inequality, in optics. 
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